It is shown that under certain dynamical conditions a material wave packet displays coherent, non-dispersive accelerated evolution in gravitational field over a modulated atomic mirror. The phenomenon takes place as a consequence of simultaneous presence of the dynamical localization and the coherent Fermi acceleration for the same modulation amplitude. It is purely a quantum mechanical effect as the windows of modulation strengths supporting dynamical localization and Fermi acceleration overlap for larger effective Plank constant. Present day experimental techniques make it feasible to realize the system in laboratory.
I. INTRODUCTION
Dispersion of a wave packet, with the exception of harmonic oscillator, is a generic phenomena in quantum mechanics. Systems with mixed phase space however display different dynamics near nonlinear resonances and show a local transition of inherently nonlinear spectrum to linear spectrum, resulting a local non-dispersive dynamics. Quantum mechanically, these non-dispersive wave packets are time periodic eigenstates of the Floquet Hamiltonian, localized in the non-linear resonance islands [1, 2] . In contrast, suppression of dispersion in global dynamics is a manifestation of quantum interference and is an evidence of dynamical localization [3, 4] , that is regarded as a signature of quantum chaos in a dynamical system. In addition, long time quantum flights due to the accelerator mode islands have been found in dynamical systems [5] . In the present paper, we combine the two phenomena and explain the existence of accelerated and dynamically localized wave packet dynamics in Fermi accelerator for certain windows of modulation amplitudes.
In recent years coherent control of matter waves [6, 7] have introduced enormous applications ranging from quantum metrology [8] to quantum corrals [9] . Introduction of periodic external modulation led to newer avenues to study dynamical systems [10, 11] and understand coherent transport [1, 12, 13] , dynamical localization [14, 15] , dynamical revivals [16] [17] [18] , dynamical tunneling [19, 20] , coherent acceleration of matter wave in driven systems [21, 22] and precision measurement of gravitational acceleration [23] . Presence of dynamical localization ensures a saturated or very slow dispersive evolution of a quantum particle in a dynamical system, contrary to corresponding classical counterpart that displays global diffusion. Fermi acceleration, another fascinating characteristic of a dynamical system in classical domain [24] defines a steady and unbounded acceleration * farhan.saif@qau.edu.pk of a particle as a function of time leading to a non-thermal gain of energy.
In the present paper, we consider a cloud of ultra-cold atoms propagating along gravitational field and bouncing off a spatially modulated atomic mirror. The system displays dynamical localization [4] and Fermi acceleration [5] in specific windows of modulation strengths. We show that a parametric control makes it possible to overlap these windows to obtain non-dispersive, coherent acceleration of matter waves. Hence, in the present contribution we report the existence of accelerated dynamics of matter wave superimposed by dynamical localization in Fermi accelerator.
The paper is organized as follows: In Sec. II we present the suggested experimental model. In Sec. III we briefly discuss conditions for the simultaneous presence of coherent acceleration and dynamical localization in the Fermi accelerator. Later we explain the phenomena in Sec. IV.
II. THE EXPERIMENTAL MODEL
We consider a cloud of ultra cold atoms that moves along the vertical,z-direction under the influence of gravity and bounces off an atomic mirror [25] . The mirror is made up of laser beam incident on a glass prism and undergoing total internal reflection, therefore creating an optical evanescent wave of intensity I(z) = I 0 exp(−2kz). Here, k −1 defines characteristic decay length of the field outside of the prism.
We consider that the laser intensity is modulated by an acousto-optic modulator, viz.,
where, ω is the frequency and ǫ is the amplitude of modulation. The laser frequency is tuned far from any atomic transition frequency, for the reason the atoms effectively stay in their ground states and experience radiation pressure. The excited atomic state is adiabatically eliminated and the center-of-mass motion of an atom of mass m is governed by one-dimensional effective Hamiltonian, that
Herep is the atomic momentum along the gravitational field and g is the acceleration due to gravity. We introduce dimensionless position, z ≡z 2kg . Hence, in dimensionless form the above Hamiltonian reads
The Hamiltonian given in Eq. (3) controls the dynamics of an ensemble of particles in the Fermi accelerator. The dynamics of a classical particle obeys the condition of incompressibility of the flow [26] , and the phase-space distribution function P (z, p, t) satisfies the Liouville equation, given as
is the effective force experienced by the particle.
In the absence of the modulation of the atomic mirror, the atomic dynamics is integrable. For very weak modulations the incommensurate motion closely follows the integrable evolution and remains stable due to the presence of KAM tori [26] . However, a non-negligible modulation makes the classical system non-integrable and leads to complex dynamics [4] .
In the quantum regime, the atomic evolution is determined by the corresponding Schrödinger equation
where
For short decay length, κ −1 , and the matter wave initially far from the mirror surface, we may approximate the optical potential by an infinite potential barrier at the position z = λ sin ωt. In this limit the matter wave bounces off a hard oscillating surface [4, 15] . The dependence of dynamical localization and accelerated dynamics of matter wave on the modulation strength, λ, is discussed below.
III. DYNAMICAL WINDOWS
The quantum dynamics of a material wave packet in atomic Fermi accelerator manifests dynamical localization for a certain range of modulation strength, that defines a localization window [4] . The lower bound of the window comes from the classical evolution as the onset of the global diffusion takes place above a critical modulation strength, λ (cl) (cr) ∼ = 0.24 [26] . However, in quantum domain there occurs a phase transition as the spectrum changes from point spectrum to quasi continuum spectrum for a modulation strength, λ
. Beyond the value of the critical strength the matter wave displays dynamical delocalization [28] . Hence, the two conditions together define the localization window [4] , viz.,
Fermi acceleration of the particle in the system occurs for a different range of parameters, explained in Ref. [5] . The accelerating modes exist in the system for the sinusoidal modulation of the reflecting surface and for modulation strength λ within a windows defined as,
where s takes integer and half integer values. Hence, the material wave packet observes accelerated dynamics for a modulation amplitude given in Eq. (7) and for the initial distribution originating from the areas of the phase space supporting accelerated dynamics.
IV. NUMERICAL RESULTS
Equations (6) and (7) explain that a bouncing quantum particle behaves differently by tuning modulation strength, λ, away from one window to another. The quantum dynamics of a material wave packet modifies drastically for larger values of the effective Plank constant, k − . It is important to note that as the Plank constant increases the dynamical localization windows broadens and an overlap between the two windows defined by Eqs. (6) and (7) takes place. Hence, the control over the two windows by means of effective Plank constant, k − , leads to accelerated and non-dispersive matter wave, that acts as an atomic bullet. The Eqs. (6) and (7), therefore, define new windows on modulation amplitude which support accelerated but dynamically localized evolution, that is,
Here,
The lower bound defined by equation (8) indicates unbounded acceleration, whereas the upper bound corresponds to the absence of dynamical delocalization.
As an example, if k − = 12 the localization window and the first acceleration window, respectively, are 0.24 ≤ λ < 1.73, and 1.57 ≤ λ < 1.86. An overlap between the two windows occurs for 1.57 ≤ λ < 1.73, which leads to an accelerated non-dispersive dynamics of the matter wave. Whereas, for k − = 14 the first acceleration window defined by Eq. (7) comes within the localization window. For the reason, accelerated non-dispersive dynamics exists when 1.57 ≤ λ < 1.86 for a particle originating from the regions of phase space supporting accelerated dynamics. In order to analyze wave packet evolution, we propagate an atomic wave packet, ψ(z, 0), initially in a Gaussian distribution that fulfills the Heisenberg minimum uncertainty criteria and placed above the atomic mirror with initial average momentum p 0 = 0. The information about the time evolution of the system is stored in the wave function ψ(z, t) which we obtain by operator splitting technique. We study the probability distributions in position space and in momentum space, which is the marginal integration of the distribution function in phase space, respectively, in momentum and in position space for a fixed time [29] . In Fig. 1 , we show the quantum mechanical probability distribution in momentum space, for a propagation time t = 1000 for different values of k − . Here, for different k − the coherent acceleration is prominent as regular spikes in the marginal probability distributions [5] . The sharp spikes appear when the modulation strength satisfies the condition, given in Eq. (7), and gradually disappear otherwise. These spiky behaviour in momentum distribution is therefore a hallmark of coherent accelerated dynamics. In contrast, the portions of the initial probability distribution originating from the regions of the phase space that do not support accelerated dynamics undergo diffusion and form a background. In the momentum distributions the probability confinement in the accelerator islands appears in the form of the spiky nature. As the value of k − is increased the spectrum corresponding to the exponentially localized and accelerated matter wave tends to point spectrum. Hence, the quantum distribution is localized to fewer levels and drops exponentially away from these levels. A careful analysis of the figure 1 shows that following Eq. (8) beyond k − = 10 most of the probability is exponentially confined indicating the localization of the wave packet.
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FIG. 2:
We show the variance in the momentum space as a function of time, for a fixed scaled modulation strength λ = 1.7. Here, we take different values of scaled Plank constant, k − . We note that for higher values of k − , the acceleration window comes within the localization window. As a result the behavior of variance alters and it saturates with evolution time.
In Fig. 2 we show the variance in momentum ∆p 2 ≡ p 2 − p 2 as a function of time for different values of k − . In all these calculations the modulation strength, λ is fixed to 1.7. For smaller k − values we observe a linear growth with time due to dynamical delocalization, as discussed in Ref. [5] . The difference between two peaks in these plots correspond to time of flight of the accelerated wave packet between two impacts with the modulated atomic mirror, the periodicity in these plots indicates coherence in evolution. In addition, gradual increase of the time interval between peaks corresponds to larger time the matter wave takes during its accelerated dynamics between two successive impacts with the modulated surface. Furthermore, drastic variation in ∆p 2 during the time interval reveals different behavior of the wave packet during its evolution over the mirror at the two turning points, one on the surface of the mirror and the other in the gravitational field. For larger values of k − , however, dynamical localization restricts the drastic variations resulting a transition to relatively smooth and saturation behavior in ∆p 2 with time. Hence, for larger values of effective Plank's constant, as shown in Fig. 2 , we find localized dynamics for the accelerated matter wave.
Following classical dynamics in the Fermi accelerator [30] atomic wave packet follows the classical trajectories and bounces off from the moving surface, as in Fig. 3 . Here, we plot the contour plot of the marginal probability distribution P (z, t) for a propagation time t = 500 for λ = 1.7 and k − = 14. Each bounce takes longer time from the previous one, and after every bounce the maximum average position (i.e. the turning point of the wave packet in the gravitational field) becomes higher which corresponds to longer time of flight above the mirror. The two insets show the two turning points, one due to atomic mirror (left) and the other in the gravitation field (right). It is notable that portions of the wave packet following acceleration modes are visible as jet of space-time distributions following classical trajectories. However, the rest of the wave packet reach those areas which do not support coherent acceleration and as a consequence a stochastic background profile appears, shown in the Fig. 3 .
We study dynamically localized and accelerated dynamics of a material wave packet in the Fermi accelerator by using effective Plank constant, k − , as a control parameter. The presented theoretical method can be realized in laboratory experiment for cesium atoms of mass m = 2.2 × 10 −25 kg bouncing off an atomic mirror with a modulation frequency ω = 7.55kHz of the external field we find the value of effective Planck's constant k − = 14. Furthermore, the first localization-acceleration window can be realized in experiment by tuning ǫ from 0.675 to 0.80, provided the decay length of the exponentially decaying field is kept at k
